Freeze-in mechanism provides robust dark matter production in the early universe. Due to its feeble interactions, freeze-in dark matter leaves signals at colliders which are often involved with longlived particle decays and consequent displaced vertices (DV). In this paper, we develop a method to read off mass spectrum of particles being involved in the DV events at the LHC. We demonstrate that our method neatly works under a limited statistics, detector resolution and smearing effects. The signature of DV at the LHC can come from either highly suppressed phase-space or a feeble coupling of particle decay processes. By measuring invisible particle mass spectrum, one can discriminate these two cases and thus extract information of dominant freeze-in processes in the early universe at the LHC.
I. INTRODUCTION
Particle dark matter (DM) is strongly supported by plethora of cosmological and astrophysical evidences (for reviews on particle dark matter see Ref. [1] [2] [3] ). Since there is no proper candidate of DM in the standard model (SM), it is considered as one of the most prominent clues to go beyond the SM. The freeze-in mechanism provides a plausible answer to the origin of particle DM in the primeval Universe [4] , and also an intriguing set of DM searches in broad area (e.g. non-thermal distribution of DM and its impacts [5] [6] [7] [8] [9] [10] , DM direct detection [11, 12] , the large hadron collider (LHC) searches [13] [14] [15] [16] ) 1 although it generically contains tiny interactions with visible particles.
On the contrary to the conventional freeze-out dark matter, the freeze-in dark matter never reaches the equilibration with the thermal plasma. Due to its tiny interaction strength, instead, DM annihilation processes are always inefficient and thus produced DM particles are accumulated as the Universe expands. Hence the correct DM abundance can be achieved despite of feeble interactions [4] . Moreover, the production processes involve renormalizable couplings, so they become more important at low temperature and consequently dominant number of DM particles are produced near the threshold mass scale of the production processes. Below the threshold scale, the production processes are highly suppressed by Boltzmann factor. Therefore, DM abundance is independent of high temperature physics, i.e., reheating after primordial inflation, but is dependent on details of production processes which are determined by DM particle interactions. * kyujung.bae@knu.ac.kr † parc.seoultech@seoultech.ac.kr ‡ mczhang@jnu.edu.cn 1 For more broad aspects of freeze-in dark matter, readers can find reviews in [17] .
The feeble nature of DM implies another observable footprints if the DM mass is O(1) keV. Since DM particles are not equilibrated after being produced, their initial phase space distribution does not change but is simply redshifted during the cosmic expansion. As pointed out in the literature [9, 10] , phase space distribution of DM depends on its production channels: 2-body decay, 3-body decay, s-channel and t-channel scattering, etc. Such non-thermal distribution of DM particles impacts on small scale structures and can be probed by the Ly-α forest observation [18] [19] [20] [21] [22] [23] [24] [25] .
Along with the cosmology, collider study also shows robust signatures of the freeze-in dark matter model. During the freeze-in processes, DM particles come out from thermal plasma of visible particles via feeble interactions between the dark sector and visible sector. It implies the events at colliders where visible particles are produced in pairs and decay into DM particles plus visible particles. For example, higgsino pairs are produced and decay into axinos and higgs bosons. In virtue of its tiny coupling, such decays show a signature of the displaced vertex (DV) at hadron colliders. 2 The DV searches at the LHC have been considered to investigate various long-lived particles and have increased the sensitivity. In addition, a possible improvement at the high-luminosity (HL) LHC with precision timing information would suppress SM backgrounds leading to a better sensitivity of such long-lived particle searches [27, 55] .
In order to examine genuine properties of the freezein dark matter model at hadron colliders, we need to go one step further. The DM abundance and distribution are determined by couplings and mass spectrum of the dark sector including the DM component. Thus it is essential to extract the mass information from DV events at colliders. In the case of prompt decay events, kinematic analyses require large number of events to read off the end-point in the invariant mass distribution [28] . As pointed out in the early study [29, 54] , on the other hand, DV renders mass reconstruction possible in an event-byevent basis, so it allows us to extract mass spectrum of dark sector although a handful of events are available. In reality, however, kinematic reconstruction in an event-byevent basis highly depends on detector effects including smearing of final state visible particles.
In this paper, we present a collider method to reconstruct relevant mass spectrum with only conventional track and calorimeter information. To reduce uncertainties in mass measurement originating from detector smearing effects, we develop a simple "filtering" algorithm, which systematically discards the outliers in mass measurement of DV events. For an illustration of our method, we consider pair production of mother particles (F ) and their subsequent decays into dark matter particles (χ) and Z bosons, where Z boson decays into a lepton pair for a precise reconstruction. This paper is organized as follows. In Sec. II, a brief review on freeze-in dark matter is given to argue why the long-lived particle at the LHC is appropriate to examine cosmological freeze-in dark matter scenarios. In Sec. III, we explain kinematic relations in events with DV to reconstruct masses of the decaying particle F and dark matter particle χ. In Sec. IV, we demonstrate how much a simple filtering algorithm enhances accuracy by removing events which have strong smearing effects from a detector. Finally we present our result in mass reconstructions with various benchmark points at the HL-LHC.
II. A BRIEF REVIEW ON FREEZE-IN DARK MATTER
In freeze-in dark matter models, DM particles have tiny renormalizable couplings with thermal plasma by which the freeze-in processes are mediated. In the following, we will explain the freeze-in mechanism with a toy example.
Suppose that DM particles are produced by decay of particle A which is in thermal equilibrium, i.e. A → B + χ. Here we assume B is also in thermal equilibrium. In this case, dark matter production rate is determined by decay width of A, Γ A . The dominant production occurs when the plasma temperature T is around m A . For T < m A , population of A is highly suppressed by the Boltzmann factor, so the production process becomes ineffective. One finds the yield of DM particles [4, 30] ,
where g is the degrees of freedom of A, g * is the effective degrees of freedom of thermal plasma M P is the reduced Planck mass, and K 1 (z) is the first modified Bessel function of the second kind. In the second line, we have taken g * = 100. For the decay of A via renomarlizable coupling λ, the decay width is given by
The yield becomes Therefore, one can see that the freeze-in process provides the correct DM abundance in a wide rage of couplings and DM masses although the coupling is tiny. For the coupling λ ∼ 10 −8 , DM mass is of order keV, so it can be warm dark matter (WDM) and may be probed by small scale observables [5] [6] [7] [8] [9] [10] . For even smaller coupling, λ ∼ 10 −12 , on the other hand, weak scale DM mass (∼100 GeV) is possible so that DM can be cold dark matter (CDM).
In most of freeze-in DM models, scattering processes are also accompanied by the decay processes. One can find a process like A+C → χ+D (t-channel mediated by B) where C and D are also in thermal equilibrium. The single processes are normally less effective than the decay processes due to the suppression in the kinematic phase factor. In some cases, nonetheless, the scattering process can be enhanced by large number of degrees of freedom of accompanying particles C and D, so it can make sizable contributions to the DM production (see Ref. [31, 32] for axino production cases). In addition, there may exist decay processes with more than 2 final state particles. However, this contribution is more suppressed than 2body decays by the kinematic phase factor, so is typically subdominant.
In the case where decay and scattering processes are "co-resident," more interestingly, mass difference between A and B can determine the relative ratio of decay contribution and scattering contribution as well as the phase space distribution. In principle, if m A −m B m A , the kinetic energy of produced DM can be arbitrarily small. Under these circumstances, decay process become very inefficient. Nevertheless, the scattering process does not alter dramatically, so it dominates the phase space distribution and relic abundance [10] . Extracting mass spectrum at collider experiments may enable us to infer which process is dominant in freeze-in DM production.
At colliders, direct production of χ is impossible since its coupling to SM particles are too small. However, its mother particle (we named A in the above example) can be produced in the collision experiments. If A is the lightest parity-odd particle in the visible sector (e.g., higgsino in the minimal supersymmetric standard model), it can decays only to DM particle with decay width in Eq. (2.2). The decay length at the collider is
For the freeze-in DM with m χ ∼ 10 keV and λ ∼ 10 −8 , DV length is of order 10 cm, and thus this gives nearly the best sensitivity for DV searches at the LHC [33] while it gives dominant dark matter abundance. For the larger dark matter mass, m ∼ 100 GeV, smaller coupling λ ∼ 10 −12 is required to obtain the correct relic abundance in standard cosmology. If this is the case, the decay length is too long to be covered by DV searches. Such region, instead, may be covered by an additional long-lived particle detector outside of the LHC detectors [34] . However, even in the case of large dark matter mass, there are viable non-standard cosmological scenarios leading to the correct relic abundance. If the dark matter mass is around 100 GeV and coupling is of order 10 −8 , the freeze-in process overproduces DM particles. In such a case, large entropy dilution of factor 10 7 − 10 8 is necessary to suppress freeze-in processes properly. In a scenario where the DM freeze-in occurs during an early matter dominated era (i.e., T R 100 GeV), relatively large coupling λ ∼ 10 −8 still provides a viable DM scenario with the correct relic DM abundance [35] . In a scenario in the fast-expanding Universe [36] , a similar dilution effect is possible so that viable freeze-in DM model is possible with m χ ∼ 100 GeV and λ ∼ 10 −8 . In another freeze-in DM model [5, 6] , DM particle can be produced by decay of frozen-out particles rather than directly produced from thermal plasma. In such a case, DV searches at the LHC covers the freeze-in DM in indirect way by showing kinematic structure of particle decaying into the DM particle.
In summary, the current and future DV searches for decay length of order 10 cm will be good probes of freezein WDM region and part of heavy freeze-in DM models. Once we observe an excess of DV signals above the expected background in the future, analyses on mass spectrum by using the kinematic techniques will be essential to reflect DM production process in the early Universe. In next section, we show kinematic relations to reconstruct mass of mother particle and dark matter particle.
III. KINEMATICS OF DISPLACED VERTEX
We consider a case where the LHC produces pair of unstable particles (F 1 , F 2 ). These particles will decay into dark matter χ and Z boson. As we have not seen any hints of dark matter at the LHC by Run 2, we do not expect to have enough statistics even for a discovery by the end of the HL-LHC. Thus we need to consider a method which provides (m F , m χ ) in the event-by-event basis, not through the accumulated information. To measure (m F , m χ ) with a single event, we need to reconstruct four-momentum of dark matter particles (χ i ). As the number of unknowns from χ i is eight in total, we need to achieve the same number of constraints using kinematics.
At the LHC detector, F i will leave a DV, denoted by r i , when it decays into Z i (→ + − ) and χ i as in Fig. 1 . Due to the charge neutrality F i , a three momentum vector p Fi is proportional to r i . This provides two constraints for the direction of each p (Fi) , resulting in four constraints in total. If we specify a direction of DV in a spherical coordinate (r i : unit vector directing r i ),
we can express three momentum p (Fi) in terms of DV position vectorr i ,
In conventional searches for dark matter at the LHC, we utilize a momentum conservation in the transverse plane as we do not see the trace of dark matter directly. With this, we have two constraints:
This can be simply translated into a condition for p (Fi) :
The existence of ISR jets is important to identify dark matter at the LHC. For example, ISR jets are required for the most conventional dark matter searches [41, 42] and for utilizing information from a timing layer [27, 55] . For the case of O(100 − 1000) GeV mass scale of F , there are non-negligible number of events with p T (ISR) O(10 − 100) GeV [43, 44] and we can utilize this information to extract properties of dark matter at the LHC [45, 46] . In our case, we use p T (ISR) to reconstruct three-momenta p T (Fi) by combining Eq. (3.2) and Eq. (3.4),
(3.5)
If we express above equation more specifically, it can be written as a 2 × 2 matrix equation,
where φ is the azimuthal angle of p T (ISR) in a transverse plane. This provides a solution for
When ISR jet becomes soft, Eq. (3.6) turns into an indeterminate system. In the limit of p T (ISR) √ŝ where √ŝ is the hard scale of an event, the difference φ 1 − φ 2 can be approximated as
As Eq. (3.6) has a factor sin (φ 1 − φ 2 ) in its determinant, it is required to have non-negligible p T (ISR) to have a numerically stable solution for | p (Fi) |.
To extract information on masses of invisible particles, we convert solution of momenta into masses using the energy conservation as
From this, we have a functional dependence of m Fi on m χi as
Here the three-momentum of χ i is given by p (χi) = | p (Fi) |r i − p (Zi) . So far we use only six constraints to reconstruct a three-momentum of p (Fi) . We can have two more constraints from our physics motivation where we assume the symmetric condition of m F1 = m F2 and m χ1 = m χ2 . Thus we have eight constraints enough to measure (m F , m χ ) even with one event. To illustrate how one can use Eq. (3.10), we take an event with (m F , m χ ) = (200, 50) GeV. In Fig. 2 , each function for m Fi in Eq. (3.10) is presented either a blue or a orange line with a crossing point as the solution for (m F , m χ ).
(a) Graphs of two on-shell conditions without smearing < l a t e x i t s h a 1 _ b a s e 6 4 = " The functional dependence of mF i on mχ i in a specific event is presented as blue and magenta lines according to Eq. (3.10). The event is generated at the parton level with a study point of (mF , mχ) = (200, 50) GeV. For mF 1 = mF 2 and mχ 1 = mχ 2 , the crossing point of two equations gives the solution for mF and mχ.
IV. THE HL-LHC STUDY

A. Detector effects with limited number of events
We consider a channel where DVs can be marked by tracing the origin of Z boson production using clean tracks of leptons from Z → + − for a precise measurement compared to hadronically decaying Z. However in the LHC detectors, there are uncertainties from (1) measurements of lepton momenta, which can be modeled with 2% uncertainty [51, 52] , (2) DV position resolution with a conservative value of 0.5 mm [53] , and (3) the missing transverse energy / E T resolution of 10% in the region of / E T > 200 GeV [50] . These smearing effects will result in incorrect solutions for Eq. (3.10).
To numerically point this out, we simulate events with the study point of (m F , m χ ) = (200, 50) GeV using Monte Carlo simulations by modeling smearing effects with Gaussian functions. As we discussed earlier, p T (ISR) can enhance a numerical stability against smearing effects. We can observe this clearly in Fig. 3 where we divide Monte Carlo events according to the range of p T (ISR) . In reality, however, we have O(10) events after cuts at the HL-LHC, so we cannot rely on the high p T (ISR) configurations as most of events are located at low p T (ISR) . Thus we need to develop another method to reduce smearing effects.
To achieve this goal, we develop a simple filtering algorithm. Basically we rely on the fact that events are independent of one another. Thus we focus on the clustering structure of solutions near the true mass point in (m F , m χ ) solution-space;
• Each solution is treated as a vector v i at m F − m χ plane with v i = (m F i , m χi ). • For each v i , we measure an "average distance" d i ,
where N is the total number of solution vectors,
• Remove the v i with largest d i from our vector list,
• Calculate all d i again (only use the remaining vectors), and remove the vector with largest average distance. Repeat this process until only half of the vectors remain.
This "filtering" algorithm is neatly dropping bad solutions in a simple and systematic way as in FIG. 4 .
B. Numerical studies with bechmark points
To illustrate our method with realistic situations at the HL-LHC, we consider four benchmark points divided by the scale of m F and a mass splitting of points B and D, the mass splittings are highly suppressed, i.e., {m F − (m χ + m Z )} /m F ≤ O(1)% while mass splittings are more than 50% in A and C. Thus if we measure mass spectrum (m F , m χ ) precisely, we can identify where the lifetime of m F comes either from suppressed phase-space of small mass splitting or from very small coupling of F -χ-Z. Here we consider the same lifetime of F (cτ = 100 mm) to focus on kinematic differences and performance of our method which relies only on the reconstruction of p (Fi) , By recasting current long-lived particle search of ATLAS [33] , we expect 30, 20, 12 and 24 events, respectively for benchmark point A, B, C and D at the HL-LHC. We describe detailed information of recasting procedure in Appendix A.
For parton-level Monte Carlo simulations, we use MadGraph5 [47] to generate events with "MLM" jet matching algorithm [48] implemented in Pythia8 [49] for ISR jets. To cluster ISR jets, we use Fastjet [59] with anti-k t algorithm [60] . For detector effects, we consider detector geometries and smearing effects as we described above. Finally we choose 14 TeV collision energy and 3 ab −1 luminosity for the HL-LHC. As we need to enhance precision for DV, we focus only on leptonic channels of Z decays. For baseline selection cuts, we require • 2 DVs to be reconstructed inside the inner detector (4 mm < L xy < 1 m and |L z | < 1 m) where DVs are reconstructed by displaced tracks with impact parameter larger than 2 mm and p T > 1 GeV, two tracks of each DV to be matched to 2 leptons, and both DV mass m DV to be larger than 80 GeV. 3 Due to detector effects and limited statistics, the mass measurement based on track information has large uncertainties. In order to improve the precision, we apply filtering algorithm. It is worth mentioning a subtlety in solving Eq. (3.10) especially when a dark matter is very light. There are cases where two lines in FIG. 2 do not cross due to smearing effects. As m Fi (m χi ) is an increasing function, we take m χ = 0 and m F = (m F1 (m χ1 = 0) + m F2 (m χ2 = 0)) /2 for a solution.
For benchmark points in Tab. I, we perform 5000 pseudo-experiments to reduce statistical fluctuations. In Table II , we tabulate the most probable mass values for each benchmark point and also estimated statistical errors of pseudo-experiments which are defined by the "root-mean-square (RMS)" value with respect to the most probable values RMS = N i=1 (m i − m peak ) 2 / N , where m peak is the most probable value and N is the number of pseudo experiments. For benchmark points A, B, and D, the results show good precision, where the errors are around 10% of mother particle mass. For benchmark point C, on the other hand, RMS error is around 30 − 45% of mother particle mass. This mainly comes from small statistics as C has only 12 events after cuts which has factor 1/2 -1/3 reduction compared to other benchmark points. 3 It is not likely that background processes have m DV > 80 GeV [33] , so this cut leads background-free analyses. In the following, we discuss more direct implication of the above analyses in the freeze-in dark matter scenarios. As argued in Ref. [10] , as the phase space of a mother particle decay is highly suppressed, the distribution of DM produced from this decay process becomes colder. Meanwhile, the distribution of DM produced by 2-to-2 scattering processes remains almost the same. This feature can be probed by observations such as Ly-α forest data if the DM mass is of order keV. Therefore, by observing mass spectrum of DM sector at the LHC, we can infer the relative "warmness" of DM distribution. In order to illustrate this situation, we introduce an additional benchmark point E, on which (m F , m χ ) = (100, 0) GeV, cτ = 100 mm. The expected number of events after baseline selection cuts at the HL-LHC is 10. At the LHC, we measure (m F , m χ ) peak = (101, 0) GeV with statistical deviation RMS = (81, 47) GeV from 5K pseudo experiments. Thus, even though we have uncertainties in determining mass spectrum due to the limited statistics, we will have hints of dark matter temperature of our universe from the HL-LHC.
V. CONCLUSIONS
We develop a pure kinematic method to determine mass spectrum involving DVs at the LHC by locating visible particle track inside inner tracking detector. To measure mass spectrum, we assume conditions (m F1 = m F2 ) and (m χ1 = m χ2 ) for both decay chains. We also require ISR jets not to have back-to-back configuration between F 's which results in a null solution in reconstructing three momentum vectors of F 's. Large ISR can enhance a numerical stability for the determination of mass spectrum, but we would not have enough statistics to focus on the large p T (ISR) region at the HL-LHC.
In this study, we consider only O(10) events with detector smearing effects. The performance of the mass measurements gets degraded due to imprecise information on / E T and four vectors of leptons. To achieve satisfactory performance with small number of events, we propose a simple and systematic method which removes solutions in the mass reconstruction with large errors.
We have demonstrated that one can achieve within O(10)%-level precision on mass measurements at the HL-LHC. This result from the HL-LHC enables us to understand the origin of DV signals, either due to a suppressed phase space or due to a feeble coupling of decaying particle. In this respect we can see a relationship between the freeze-in mechanism in the early universe and DV signature at the LHC.
Finally, as we do not rely on any new features of upcoming detector upgrades, our proposed method is orthogonal to other studies with utilizing timing information [27, 55] . One can enhance a precision in mass measurements by combining results from both methods once the LHC identifies DV signals from a new physics. MZ is supported by the National Natural Science Foundation of China (Grant No. 11947118 ). This work was performed in part at Aspen Center for Physics, which is supported by National Science Foundation grant PHY-1607611.
Appendix A: Recasting of Current long-lived particle searches
We recast the ATLAS long-lived massive particles search report [33] to estimate the upper limit of σ(pp → F F ). There are another long-lived particle searches, for example, searches with displaced jets in the ATLAS [56] , which do not have sensitivity for our scenario as they need information of calorimeters.
Here we briefly describe cut-flow used in the ATLAS report [33] .
• Transverse missing energy / E T ≥ 250 GeV.
• 75% of events need to have at least one trackless jet with p T > 70 GeV or at least two trackless jets with p T > 25 GeV. For other 25% events there is no requirement on trackless jet. Trackless jet is defined to be a jet with p track T < 5 GeV.
• At least one DV needs to be reconstructed in fiducial region of inner detector within a transverse position 4 mm < L xy < 300 mm and longitudinal position |L z | < 300 mm. DV is reconstructed by displaced tracks with impact parameter larger than 2 mm and p T > 1 GeV. More than five displaced tracks (N tracks ) from a DV are required, and reconstructed mass with tracks from DV (m DV ) needs to be larger than 10 GeV. • 42% fiducial volume need to be discarded due to huge backgrounds from hadronic interaction in material rich region.
DV tagging efficiency is a function of its position, N tracks , and m DV . As suggested in [61] , we perform our DV tagging by utilizing detailed information provided by ATLAS group in the auxiliary information of [33] . Acceptances of our 4 benchmark points after performing above selection criteria are listed in Tab. III. Acceptances for compressed spectrum B and D are much smaller than large mass splitting spectrum A and C as compressed spectrum does not provide large enough / E T as in Fig. 5 
